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Abstract. In this article, a family of models approximating the primitive equations of the atmosphere, which are
known to be the fundamental equations of the atmosphere, is presented. The primitive equations of the atmosphere
are used as a starting point and asymptotic expansions with respect to the Rossby number are considered to
derive the nth-order approximate equations of the primitive equations of the atmosphere. Simple global models
of the atmosphere are obtained. These higher-order models are linear and of the same form (with different right-
hand sides, depending on the lower-order approximations) as the (first-order) global quasi-geostrophic equations
derived in an earlier article. From a computational point of view, there are two advantages. Firstly, all the models
arelinear, so that they are easy to implement. Secondly, al order models are of the same form, so that, with dight
modifications, the numerical code for the (first-order) global quasi-geostrophic model can be employed for all
higher-order models. From aphysical point of view, higher-order models capture more physical phenomena, such
as the meridional flows, even though they are small in magnitude. Of course, there are still many subtle issues
involved in this project, such as the convergence of the asymptotics; they will be addressed elsewhere. The article
is concluded by a presentation of numerical simulations based on these models.
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I ntroduction

The general equations describing the motion and state of the atmosphere are very complicated.
To solvethese equations numerically is still one of the great challengesin weather forecasting.
Simplified models are usually introduced for numerical computations [1-4].

There are two essential characteristics of the atmosphere which are used in simplifying
these equations. Thefirst oneis that, for large-scale geostrophysical flows, the ratio between
the vertical and the horizontal scalesis very small; thisleadsto the primitive equations for the
atmosphere [5-15].

Another small parameter is the Rossby number ¢ = Ro, which is theratio of the speed of
(horizontal) wind to the speed of rotation of the earth around the polar axis. For the atmosphere
this number is of order 1/50.

In [10] the authors considered asymptotic expansions of the primitive equations of the
atmosphere with respect to the Rossby number and derived a very simple global-circulation
model of the atmosphere, the global quasi-geostrophic model (GQG), for which the equations
of motion for the wind and the temperature are linear evolution equations similar to the linear
Stokes equations. In particular, the following results were proved:

— the zeroth order motions are independent of the longitude, wind traveling exactly towards
east or west, and
— thefirst-order equations are linear.
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In comparison with the classical mid-latitude (mesoscale) quasi-geostrophic theory ([1-3,
11-13]), the Coriolis parameter isan order-1 function, and the 3-plane assumptionisno longer
used (see [11]). It should be noted that we do not expand the Coriolis parameter in terms of
the Rossby number ¢, and that we retain the spherical geometry of the earth.

Compared to some important parameters in the primitive equations of the atmosphere
such as the viscosity, which may be very small for some realistic flows, the Rossby number
is still arelatively large constant. Moreover, even though the meridional component of the
wind isrelatively small by comparison with the zonal component, the meridional flow is also
extremely important in numerical weather prediction.

The objectives of this article are twofold. Firstly, we want to validate numerically the
GQG model derived in [10] by purely mathematical arguments (asymptotic expansions);
we address this question in Section 4. Then we want to derive and study the higher-order
approximations of the global geostrophic asymptotics, leading to higher-order models, and
retaining the meridional motion of the general circulation.

The new ideahereisto decompose properly the solution (v™, T") of the nth-order approx-
imation; we write:

V" =7" +w", ™ =T" + 1"

Here (w", T'™) is determined by lower-order approximations, and (7", 1™) satisfies the same
equations (with different right-hand sides, involving lower-order approximations) asthe (first-
order) global geostrophic equations. Although the derivation procedureis somewhat invol ved,
thefinal equationsfor solving (v™,7™) and calculating (w™, T}*) are, surprisingly, very natural
and simple. Some advantages of these higher-order models are as follows:

(a) the equations are linear and of the same form as the first-order equations. Therefore,
they are relatively easy to implement. With little extra work on the right-hand sides that
involve only lower-order approximations, the same numerical code asfor the (first-order)
GQG appliesto all the higher-order approximations. Of course, special attention is still
needed to handle the difficulties at the poles (see [16]);

(b) the higher-order models capture the meridional motion in asimple way. Thisisimportant
from a numerical-weather-prediction point of view.

Asin [10], we present our global geostrophic expansion for the PES on the whole globe.
However, wewould liketo emphasizethat, asin all geostrophic theories, the global geostrophic
model introduced in [10] and in the present article haslimitationsin the tropical region, owing
to the degeneracy of the Coriolis parameter at the equator.

The article is organized as follows: In the first section, we recall from [10] the primitive
equations of the atmosphere and the global quasi-geostrophic equations of the atmosphere.
In Section 2 we study the second-order approximate equations in the asymptotic expansions
with respect to the Rossby number. Section 3 generalizesthe previous method to the nth-order
approximate equations, for any integer number n. Section 4 is devoted to the presentation of
some numerical simulations that use these models.

1. Theprimitive equations (PES)

In this section, we briefly recall from [10] the primitive equations of the atmosphere and the
global quasi-geostrophic equations.
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We start with the formulation of the nondimensional PEs which we obtain by integrating
the diagnostic equations in the pressure direction. In this context the equations read (see [10]
for details):

. [% V- W(v)g—ﬂ 4 Fk X0+ VO, + VM(T/K>) + L = 0, |
0 0 W (v)
hdl _ — — = 11
ca L‘% + Y, W(v)an] T — =+ eLaT = Q. (L.1)
1
div / vdn =0,
0 J
Theinitial and boundary value conditions are:
@:”ys(v—vs), a—T:aS(T—Ts), for n =0,
an an
v oT (12)
8—77207 8_7]:07 for n=1 w=(v,T)=up=(vo,Tp), a t=0,

where ug = (vo, Tp) isagiven function (initial data).
The notations used above are as follows (see [10] for more details):
(1) The nondimensional pseudo-spatial domain is given by
M = 5% x(0,1),
with coordinate system (6, ¢, ). Here, 6 isthe colatitude (0 < 6 < 7), ¢ isthelongitude
(0 < ¢ < 2m), and 7 is the nondimensional pressure
n=(P—p)/(P - po),

0 < po < P, representing the top of the atmosphere and the surface of the earth.

(2) The unknown functions are the 2D horizontal velocity v, the temperature T', and the
geopotential @, on the surface of the earth (n = 0), i.e. thevalue of ® = ¢z at the isobar
p = P located above the surface of the earth. The vertical velocity w = W (v) isgiven by

W (v) = —div M*v.
(3) Thelinear operators L1 and L, representing the dissipation, are given by
1 1 0 0 1 1 0 0
Li=—"A—-—_—(Ki— Ly=—"-A— —— [K1— .
T Rey Rez 0n ( 1877) ’ >~ "Rn Rtz On ( 1377)

Weuse A, V, div to denote the 2D horizontal (in ¢ and ¢ directions) Laplacian, gradient,
and divergence operators. The averaging operators M and M* are given by

1
M\If:/n\Ifdn’, M*\IJ:/ Ty
0 n

(4) The parameters Re1, Rey, Rt1, Rty, v, and «, are positive constants, K1 = Ki(n) isa
smooth positive function, T, and v, are given functions. The nondimensional parameter
¢ isthe Rossby number defined by

v
2Qa’
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V' being the typica horizontal velocity of the wind, €2 the angular velocity of the earth,
and a the radius of the earth.

We now recall the global geostrophic asymptoticsintroduced in [10]. Thebasic ideabehind
the global geostrophic asymptoticsis that, for the planetary-scale atmosphere (the horizontal
scaleis of order of a, the radius of the earth), the Coriolis parameter f is an order-1 function.
It hasto betreated as a variable function, and the 3-planein classical geostrophic asymptotics
is no longer valid. Hence, as we mentioned in the introduction, we do not expand f in terms
of the Rossby number ¢.

We proceed as follows (see [10] for more details) and set formally
v=20+evt + 2%+, T=T+eTt+&2T% + - -, (13)
O =00+ Pl 46202 +..., By =0 4Bl 224, '

Substituting formally (1.3) in (1.1)—(1.2), we obtain (see [10]) the following approximate
equations of the PEs:

() Zero-order approximation. At the zeroth order, O(1), we have (see [10])

1
fkxv®+va =0, div/ vOdn =0,
0

1 1.4
div / Oy =0, 3° = 30+ M(T%/ ),
0
which gives
0 0 0 0 900
fk X v+ V@ = O7 d|V’U = O7 T = Kza— (15)
1
(b) First-order approximation. At thelevel O(e) we have:
d° 0 1 1 0 )
W‘*‘Vuw + fkxv + VO + Liv” =0,
0 o divmryl 0o
a [a + Vvo:| T + Tz + LZT = Q7 (16)
e oot
dlv/ vldy =0, leKga—, o' = % + M(TY/K>).
0 n /

Regrouping (1.5) and (1.6) asin [10], we find the following global quasi-geostrophic Equa-
tions (1.7)—(1.9):

0
%Lt + Vvovo—i— fkx vl +Vvel+ L0 =0,
) a7
8 0 d'V M*'Ul 0
a[a—Fvvo}T +T2+L2T =Q,
0 0 0 0 0P
divv® =0, fkxv +Vo- =0, T :Kza—, (1.8)
n
1 1
div / oldp—0, T =K% (19)
0 on
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with the initial and boundary value conditions:

90 oT°
Ty SR, G =a(l-T) an=0,
(1.10)
o Iy 4 n=1 (%710 = (3, 70).
an ’ n ’ ’ - ’

It is proven in [10] that v vanishes identically and that v2 and 7 are independent of the
longitude . Conseguently, the global quasi-geostrophic equati ons can be rewritten asfollows:

o0 1o — 1 [ 1 9(whsing)
4 0 —1 0 9 i
_® - _ - T =0 - — 0= 7/ 1.11
gt e = I apm LT =0 Kz/,7 sng op 4 D
o o 1090 0 00° 0.
v :Uwe(p:?me(p, :Kza_'r]’ P ISIndependentOf ©, (112)
1 1 9(wising)
- =0. 1.1
/osm0 00 dy’ =0 (1.13)

The boundary and initial conditions are deduced from (1.10) by integration in ¢:

0 0
%L:’YS(IUO_ES)? %i:as(To_TS)v an=0,
Ui Ui
(1.14)
B_UOZO 8_T0:o an=1 (°, 1% = (3, 79), a t=0
(977 5 87’] 5 ’ ) ) ) )

(v3,T9) being a function independent of ¢ which we have to prescribe (to choose), based
on an asymptotic expansion similar to (1.3), of the initial data vo, Tp in (1.2). In the above
equations,

_ 1 2
Q= Q(eﬂ%t) = g 0 Q(ea ‘panat) d(,D, (115)

isagiven function. The operators £1 and L, are defined by
1 1 0 ol 0 1 0 ol
0 ; P ® P
=—— === — = - — K12
B0 = " Ry (sne o0 (9”9 ae) S|n29> Re o ( Yon )

1 9 (. o0\ 1 9 [, o1
0=~ % fsng ) - =2 (2.
L2 Riysin0 00 (Sn ae) Rt2877< 1877)

(1.16)

In (1.11)«1.14), v, is the Lagrange multiplier of the constraint (1.12). The existence and
uniqueness of solutions of the global quasi-geostrophic Equations (1.11)—(1.14) is studied in
detail in [10].
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2. Second-order approximate equations

Based on the methodology used in [10], we now derive the second-order approximate equa-
tions. Throughout this section, we suppose that the solution (ug,TO) of the globa quasi-
geostrophic Equations (1.11)—(1.14) is sufficiently regular. More generaly, all functions are
assumed to be sufficiently regular.

At thelevel O(?) we have (thanks to the zeroth and first-order results):

881+v,,w + V00t — W (v )‘?;:7 Fkx 02+ Vo2 4+ Liwt| =0,
L 0 () (2.1)
8 1 0 aT W v 1
l En + VoI 4+ VT W(U ) — an e + LT =0,
ot 9e? 2 _ 42 2
div /O v2dn = 0, Sl 9= M), 2.2)
with the initial and boundary conditions
ovt oT?
8_77:78(”1_”2-)7 a_n:aS(Tl_Tsl)v a 77:0’
) . (2.3)
ov orT
= = = =1 L1 =0 = (vg, Tp)-
an 0, e =0, an= (v", T7)|i=0 = (vg, Tp)

Hereafter, we derive asimplified form of the second-order approximate Equations (2.1)—2.3),
which is similar to the global quasi-geostrophic Equations (1.11)—(1.14).
From the second equation in (1.7), we have

div Ul = gl = gl(ea‘panat)a (24)
where
0 oT°
1_ 0 gL
g 877 (Kz (LzT +« o Q)) (2.5)

Now let w! = w(8, ¢, 7, t) be such that
div w? = ¢t (2.6)

We set ot = v! — wl, sothat div o = 0. Moreover, from the first equation in (1.7), we have

fkx ot +vel =hnt =n10,0,1,1), (2.7)
where
0
= L — 2 g . (2.8)

ot
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Let ! = w9, p,7,t) be such that
fkxwt + Vel =pl (2.9)
Then & = &1 — Ul and 7t = vl — ! satisfy
fkxat+vel=0  dive'=0, (2.10)
which gives (exactly asin [10]),

3 =0 ot = 199! ®? isindependent of (2.11)
6 — Y% © f 80 ’ ep 80' '

Let 71 = Tt — T, where T! = K,(8%1/dn). Then, from (1.9) we have T* =
K(0®1/0n). Finally, we obtain

1051 ~ P! ~
~1 ~1 1 1l:iqi
= = —— T = Ko— P n t of . 2.12
vy =0, U, 700 2877’ is independent of (2.12)
By using the change of variables

t=ovt—wt,  Tr=71'-T1, ot =l — ¢! (2.13)

and dropping al ~, we can rewrite (2.1)—(2.3) in the form (2.14)—(2.16) asfollows:

1
% + V100 + Vovl 4+ fk x v? + V&2 + Lyvt = P,
ot Wd) (2.14)
— Tt T° + LTt — ——- = R?
« pn + aV oI 4+ aV . T" + Lo i, R,
1 1 1odt 1 0! 1
vy =0, v, = ?W, T = Kza—n, ®~ isindependent of ¢, (2.15)
1 @2
div / v2dp=0, T?= Kzaa—, ? = &% + M(T?/Kp). (2.16)
0 n

We supplement (2.14)—(2.16) with the following initial and boundary-value conditions:

1 Tl .
W wroahy, @t TY, ag=o,
% o 2.17)
ol ort - s '
—:U(}v a :Tblv a 77:1; (v17T1)|t:0: (U%,T&).

Here !, T1, 5}, T}, 0, T¢, are given and defined from (2.3) and (2.13) by:

§71—-8)

1 1 10wt 1 - ia_T*l

Ty=vg+————w, Tr=T]+ - T3,

S S 75 877 S S as 877

N Ow? ~ oT? N ~
'UI:)I':—i Tbl:_ * ’Ué‘:’l}é—wl, T&:T&—Tj
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In (2.14), P! and R are defined by:
Owt on°

Plz—w—vwlv Vvowl-l—W( )%_Llw
oTt oT°
R'=—q - 0T —aV T + oW (W) —— o — LTt

Moreover, we have:

V100 = —vivg cot fey, Vvt = —vgvé cot ey, VoIt =V, 1° =

Then (2.14) can be rewritten as follows:

1 2
Bi — 21) COt0 — fv?p = Pgl, BT W(U )

+ LTt = RY,

00 at K>
ovl 1 02

i 4 Livt = PL.
8t+f‘9+sm98 + Ly = P

0.

(2.18)

Asin[10], let usintegrate (2.18) with respect to the longitude variable ¢ over the interval

(0, 27); we obtain

l
l

Bt + Elv + f _Lpa
oT?t ;1 109 =1
- T i
gy Tk +K2/ snggg Vo SN0 A’ = I,
1091 oot .
vl = TR vy=0, T'= Kza_n’ & isindependent of ¢,
11 0
/0 Smeae(ngIHH)dn =0,
where
1 2n _ 1 [ —1 1 2r
_2 2 1
Up 271'/0 vpdp,  R=__ A Rdyp, °= 27 s » Ao
Theinitial and boundary conditions read:
— =Y — , — = O T — TS , at - 0,
877 r)/ (,U ,US) 8,,7 Q@ ( ) ”7
8'()1 1 8T1 1 i 1 1 _1 1
8_77:'Ub7 8_77 :Tb7 at 77:11 (U 7T )|t:0: (UO?T0)7

(2.19)

(2.20)

(2.21)

(2.22)

where ot T T T3, Tb, vy, To, are obtained by integration of (2.17) with respect to ¢, that is:
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REMARK 2.1. At the level O(¢?), the solution of the second-order approximate Equa-
tions (2.1)<(2.3) isgiven by (v + wt, Tt + T1). O

We can prove the existence and uniqueness of solutions of (2.19)—2.22) using the mathe-
matical framework developed in [10], with the assumptions that the solutions (v2, 7°) of the
global quasi-geostrophic Equations (1.11)—(1.14) are sufficiently regular.

3. (n+ 1)th-order approximate equations

In this section, we generalize the results obtained in the previous section to the general
(n + 1)th-order approximate equations, where n is any integer. The approximate equations
obtained are important from a numerical point of view, because they provide asimple way to
compute the components (v*, T) in the asymptotic expansions (1.3).

At thelevel O(e"*1) we obtain:

" < k n—k 8vk n+1 n+1 n
_t+z V yn—k —W(v )8_77 + fkxwv +Vo + L1v
k=0

6n+l

ou*
n

opn—t ol
+ Z (anlkvk — W(Un_l_k)

> + fk x 0" + VO" + le"‘ll
k=0

n° 0 1 1 0
— + Vv + fkxv + VO 4 L

o + [fk x 0% + V& = O("?).

+€

(3.1)

or" ¢ k n—k
T + akz::O (ankT — W)

6n+l [a 8Tk> B W(Un+l)

LoT™
an i, + Lo ]

+e"

orn—1 1k aTk> W)

n—1
w1k TF — 1= Loyt
«a 5 ~|—akZ::O<VU -k W (v )877 e + Ly ]

oT° or®  W(vl)
o + aV,oT° + aV,oT° — onV(vo)a—?7 K

=eQ + 0(e"t?),

+€

(3.2)
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1
div / (00 + evt + e2? + - ety dy = O(e71?),
0

— (3.3)

on "’

" = K, " = ot + M(T"/K).

From the previous order approximate equations (at the orders up to n), we obtain the
following (n + 1)th-order approximate Equations (3.4)—(3.6):

k
9" Z ( kO — W(u”—k)%> + fkx o™t 4 vortl 4 Lot =0,
34
> (Vo — w2 WO o B
— yn—k 877 KZ 2 — Y
1 o™
div /0 V=0, SIS = B M K), (3.5)

aq)nJrl
on '

1
div /0 oy =0, T = K, e = $TH L M(I™HYK,),  (3.6)

with the initial and boundary value conditions

n TTL
W =), a1y, ag=o,
n an
o™ oT™ (3.7)
8—7]:()’ 8—7]:()’ an=1 (", T") = (v5,1g), a t=0.

Using the previous approximate equations (approximate equations up to the order n), we can
rewrite (3.4) into the form:

ov™ n ov° o)
E‘i‘vvnv +VUOU —W( )8_77_W( ) 8']7
+fk x ot £ VoOrtl 4 L = A,
88 +aV T+ aV oT" — VV(U”)%—77 — W (0

oT" W(Un-i-l)
X — L,T" = B"
877 KZ + L2 )

where A™, B™ are known from the previous approximate equations and are defined by:

n—1

n k n—k 8vk
A :—Z anfkv —W(U )8_7’] 5

n—1 k
oT
n__§: v k_”r n—ky“-+
B" = = ( Un—kT ('U ) 8']7 ) .
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Let us also recall that, from the nth approximate equations, we have

vl n-1 ov*
5t (vvnlw’“ —~ W(v”_l_k)8—n> + fkx 0"+ VO" + L1 =0,
k=0

orn—1

n— nd aTF\ W (v)
1 Tk; o n—1—k o L Tnfl —
a—py +akZ::1<VU 1k W (v )37l> 5, + Ly 0,
(3.9)
which gives
fkxv" +VO" =h", div v, = ¢g". (3.10)
Here
opn—1 ol ovk
| —— o W1 k n—-1-k\~"Y '} L n—1 3.11
Y ]CZ::O (VU 1 kU W (v ) 877) ", ( )
and
o orn-1t N 1 OTF o1
n_— __ |K no1kTH — iR LT 3.12
g 8?7[ 2<a 5 +a,§)<vv 1—k W (v )877 + , ( )

are known from the previous approximate equations.
Exactly as for the second-order approximate equations, let w™ = w" (0, p,n,t) be such
that

divw™ = ¢g". (3.13)
Weset o" = o™ — ", thendiv o™ = 0. Let U = W (6, ¢, n, t) be such that

fkx W' + VI = p", (3.14)
Then @ = ®" — ", satisfies

fkxa"+Ve" =0, divi® =0, (3.16)
which gives (exactly asin [10])

199"
=0, 7= 0

i=7a  ® isindependent of ¢. (3.17)

H

LetT™ = T"—T", whereT™ = K»(0U™/dn). Thenfrom (3.5), wehaveT™ = K,(d®" /dn).
Finally, we obtain

oo"

an’

199"
~n:07 ~n __ a

Ug %= T o " = K>

®" isindependent of . (3.18)
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By using the change of variables

~Tn, i =

=" W, T'=T"—T", " =" — ",

and dropping al ~, we can rewrite the (n + 1)th-order approximate equations as

8 n
&V + V,ov" 4 fk x o™t 4 Vot 4 L = P,

ot
or" 0 O n W(Un+l) _ pn
O[at +05VUTLT 4+ aVo T +L2T —TZ—R,
100™ oo .
vy =0, vy = 70 ™ =K, o ®" isindependent of (.

8@n+l

1
div / vy = 0, T = K, @ = 0 M)
0

Theinitial and boundary value conditions are as follows:

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

ov" o ~
8_77:75(1)”—6?), on =as(T" -17), an=0,
o or"  ~ ~
— = ——=1p, an=1 T o = (53, T8,
an Up > an bo Ui (v )|t=0 = (05, T7')
where o™, T2, o7, T}, 5y, T¢t, are known and are defined from (3.7) and (3.19) by:
1 ow™ ~ 1017
ano— - _,,n TTL — TTL — * TTL
s Us+75 an “o : ’ +as an "
~ ow™ ~ oTr ~
vg:_a’f]7 bn:_anu 660:,061_(")”7 Tn:TC?_Tf
In (3.20), P™ and R™ are defined by:
ow™ on°
P'=A"— 5% Liw"™ — Vn® — Vow™ + W(w”)a—n,
oT" oT°
R" = B" — a—=* — LyT" — aVuT° — aV oI + aW (w") ——.
ot on
Moreover, we have:
Vnt? = —vgvg cotfey, V,o0v" = —vgvg cotfey, VoI™ =V, T° = 0.

Then (3.20) can be rewritten as follows:

gt 0 +1 )
20 — 2vv, cotl — fo, "t = Py,

vl 1 oontt

RS n+1 : _ pn
o " W + 1%+ gng p ?7
oT" W(vn—l—l)

LT" — —— = R".
“« ot + L2 K> R )

(3.24)
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Asin [10], let us integrate (3.21)—3.24) with respect to the longitudinal variable ¢ over
theinterval (0O, 27). We obtain

8—;" + [0+ Laof} = P,
LT 1 /11 90 (3.25)
n - i —n+l D
o + LT +K2/ S|r]060( sinf)dy’ = R",
100™ oo .
Uy = 700 vy =0, = K> o ®" isindependent of ¢, (3.26)
/1 L 9 gnitgng)dy = o, (3.27)
o sing 09 ' '
where
1 2m - 1 2m . 1 2m
—-n+l _ - n+1 n_ - n 7 - n
U= oo /0 vy dip, P, o P! dyp, R o R"dp
Theinitial and boundary conditions read:
ov” . orm —n )
8—77:75(1)”—1)?), an :as(Tn—Ts), an=0,
ov™ n or" n (3.28)
— = — =T an=1
87’] b (977 b n )
(Uann) = (68778)7 at=0, )

where 7, T, 5}, T, , 78, T, are obtained by integration of (2.26) with respect to ¢, that is:

Y 1 27r~n
vy :g/o vy do

and so on.

We can prove existence and uniqueness of solutions of (3.25)—3.28) by using the mathe-
matical framework developed in [10] with the assumptionsthat the solutions (v, T%), k < n
of the previous approximate equations are sufficiently regular.

4, Numerical solutions

In this section, we present some numerical solutions of the stationary form of the second-order
approximate Equations (2.19)—(2.22) given by the system (4.5)—4.8) below. We compare
these solutions of the stationary form of the global quasi-geostrophic equations given by

(4.1)~(4.4);

1 /1 1 O(whsing) —
0, p=1 _ 0 9 r_
L109 + fT5 =0,  LT°+ Kz/ g o W= (4.1)
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0 0
00 =3¢, = %‘98%%, 70 = Kzaai;], ®° isindependent of ¢, (4.2)
L1 9(wisng)
= 07 T gy = 4.
/0 sno oo =0 (4-3)
with the boundary conditions
O . o170 =0
—:’)/S(UO—U?), —:aS(TO_Ts)J a 77:17
on on
o o 4.9
ov oT
877 7 877 7 T]
The stationary case of the second-order approximate Equations (2.23)—(2.26) is given by
1 _2 51 1 i/l 12_ . r _ pl
‘Clvlp+fve_PLp7 EZT +K2 , Sneae(vesne)dn _R 9 (45)
100! 0ot
1 1 1 lici
v, = ?W, vy =0, T = Kza—n, ® isindependent of ¢, (4.6)
11 0 ,. ,
/0 sng 9 e Sind)dn =0, (4.7)
with the boundary conditions
1 1
D=y, T e =T, an=o,
on on
. . (4.8
8'0 1 8T 1
— = =T, an=1
877 bs 8 by n

Let usintroduce asin [10] the functions

1 1

W= 10,0 = [ oh)dy, T =100 = [ w30 o
n n

and the new variable ¢ = 1 — 7. Then, in the new coordinate system (¢, ¢, ), we can check
asin[10] that (4.1)—«(4.4) is equivalent to (4.9)—(4.10) given by:

Bl 1 9

o (o" _ 0 9 H0snpy = D
L]_U(p-i-f o 0, LT +K2$in989(n sind) = Q, @9)
0 .0y, OT°/K2) _ .
S+ S o
o2 oT° —0
85 75(05 Unp)? 85 as(Ts T )? at 5 17
o o (4.10)

Ve _o, YL _o ace-—o

o o€
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We can also check that (4.5)—(4.8) is equivalent to (4.11)—(4.12) given by:

ot

1 ol =1 1 1 2 1a _ 3Bl
Lyv, + f o = P, Lo,T +Kgsin080(n sinfd) = R, 1
9,1, 0TYKy) '
ol . o1t =1
8—5:’)’5(’03:—'();), 8—£:aS(Ts_Tl), at 5:1,
Dol . (4.12)
e _ =1 oI _ s _
85 Up) 8§ - Tba at 5_07
where
B 1 1 0 . 0vy, Uy 1 0 v,
MW—&&W%@”%)%@ m%@%&’
1 0 . oT 1 0 oT
2T = o (" 59) ~ i ae (K45 )

To discretize the systems (4.9)—(4.10) and (4.11)—(4.12), we use the latitude-longitude grid
with constant interval.

Let A6 bethelatitude grid step, Ay the longitude grid step, A( the vertical grid step. Let
I, K betwo integer numbers; we set

T 1
A =
T+ &+
97; = ZAG? Ck = kACa Uik = v(eia Ck)a E,k = T(ela Ck)

Af = A‘P = Aea h = (Aea A(,D, AC)?

The Arakawa's C-grid for the global quasi-geostrophic Equations (4.1)—4.2) is defined as
follows:

I isdefined at the points (6, (x),
v isdefined at the points  (6;,Cx—(1/2)), (4.13)
T isdefined at the points  (6;_(1/2), Ck)-

The following figure shows a sample of grid points.

Vo

Vo

Figure4.1. Arakawa's C-gridinthe (6, ¢) direction.
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Thelinear operators L1, L, 0/0¢, 0/06 are approximated by the centered finite-difference
scheme of second order at the points (i,k — 3), (i — 3,k), (4, k), (i, k), respectively. The
corresponding finite-difference operators are denoted by L1 j,, Lo 4, Vg i, V¢ 1, respectively.
The linear systems corresponding to (4.9)—«4.10) and (4.11)—«4.12) are solved with Uzawa's
conjugate-gradient method. Roughly speaking, we follow these steps:

e Solve the finite dimensional system associated with (4.9)—4.10) by means of Uzawa's
conjugate-gradient method and a change of unknown functions similar to that proposed
in[16].

e Compute w' and W' which satisfy (2.6) and (2.7), respectively. Then, set T! =
K00 /0n).

e Compute the right-hand side (Fi,}_il) of (4.11) and the functions 5%,7?,@1,7,} that
appear in the boundary conditions (4.12) and use the formula givenin (2.17).

e Solve the finite dimensional system associated with (4.11)—(4.12) by means of Uzawa's
conjugate-gradient method and the change of unknown functions similar to that proposed
in[16].

o Compute (v° + evl, TO + ¢T1), which is the second-order approximation of (v, T') inthe
asymptotic expansion (1.3).

For the numerical simulations, we used the following data

Q = Q = oH(cosh)G(p), (4.14)
where
H 1047132y, G -~ Jan[TE=D),

where o is a hondimensional constant indicating the intensity of the heating and p is the
pressure variable. The heating term () is chosen according to [17].
The grid sizes and the Reynolds numbers are given by

A9:A¢:é7 AC:2—117 o=1, Re; = Rez = Rty = Rito = 10.

Let usrecall that in (1.4), the function K1 (n) is defined by

Ki(n) = (%) ,  p=P—(P—pon,

where T satisfies

Here, P, po, R, ¢, p and Ty are given constants (see [5], [10]).
Asnoted in [5], T' can be considered as the climate-average value of the temperature on
isobaric surfaces.
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For different values of the vertical distribution of the standard temperatureT', the following
figures show the latitude-height cross section of the temperature and the zonal wind.

First case. T satisfies:

100=R (E — (9_T> .
Ccp Op

Figures 4.2 and 4.3 show the latitude-height cross section of the temperature for the first and
the second-order approximate equations, respectively.

Figures 4.4 and 4.5 show the latitude-height cross section of the zonal wind for the first
and the second-order approximate equations, respectively.

931
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8
3

293

200 3”
Figure 4.2. Latitude-height cross-section of the zon- Figure 4.3. Latitude-height cross-section of the zon-
aly averaged temperature: 7°. aly averaged temperature: T° + 7.

80 100
Golatitude

Figure 4.4. Latitude-height cross-section of the zon- Figure 4.5. Latitude-height cross-section of the zon-
aly averaged zonal wind: v2. ally averaged zonal wind: v2 + ev},.
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Figure 4.6. Latitude-height cross-section of the zon- Figure 4.7. Latitude-height cross-section of the zon-
aly averaged temperature: 7°. aly averaged temperature: T° + T2
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Figure 4.8. Latitude-height cross-section of the zon-
aly averaged zonal wind: v2.
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Figure4.10. Latitude-height cross-section of the zon-
aly averaged meridional wind: evg.
First case

Figure 4.9. Latitude-height cross-section of the zon-
aly averaged zonal wind: v + ev}.
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Figure4.11. Latitude-height cross-section of the zon-
aly averaged meridional wind: ev.
Second case.

Second case. T satisfies:

25=R|— —p=—
oo (T,

RT aT)

Figures 4.6 and 4.7 show the latitude-height cross section of the temperature for the first
and the second-order approximate equations, respectively.

Figures 4.8 and 4.9 show the latitude-height cross section of the zonal wind for the first
and the second order approximate eguations, respectively.

Figures 4.10 and 4.11 show the latitude-height cross section of the zonally averaged
meridional wind for the second-order approximate equations.

The results obtained with the first- and the second-order models are comparable in shape
and magnitude as far as zonal velocity and temperature are concerned. Moreover, they show
for these quantities several of the observed features of the real atmosphere and the CCM2
model (see[4], [16]). In fact, in the lower part of the atmosphere, the general tendency is for
the atmosphere to decrease with height. This region, called troposphere, is the portion of the
atmospherein direct contact with the earth’s surface. Above the troposphere, the temperature
generally stays constant or increases with height. This portion of the atmosphere is called
stratosphere. The division between the two regions is the tropopause, [18]. Figures 4.2, 4.3,
4.6 and 4.7 show that the first- and second-order models reproduce the main patterns of the
atmosphere. Moreover, the tropopause is located at nearly 200K, which isin agreement with
the real atmosphere as well as the simulations obtained with the CCM2 model ([4], [16]).

Themain difference between the simulations of thefirst- and the second-order approximate
equations appearsin Figures 4.10 and 4.11, which represent the meridiona wind svg obtained
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with the second-order approximate equations. It should be noted that in the first-order approx-
imation, the meridional component of the velocity is equal to zero (i.e. vg = 0), whereas, as
can be seen in the Figures 4.10 and 4.11, the meridional component of the velocity v} in the
second model is sufficiently significant to justify the model: it reaches the magnitude 0- 126
in the tropaupose for e = 0-02.

Let usalso point out that, when the constant o islarge (i.e. theintensity of the heating term
islarge), let us say 10°, the term (evl, e1') becomesvery large.

Conclusions

We had two objectives in this article. The first one was to validate numerically the quasi-
geostrophic model derived in [10] by purely mathematical asymptotic analysis. We have been
able, with the very simple model of [10] to recover the general features of the atmosphere
climate, namely the zona wind and the temperature, as computed by the much more refined
and expensive CCM2 model (a full three-dimensional simulation of the primitive (Navier-
Stokes-type) equations).

The second objective was to improve the model in [10] by the introduction of the second-
(and higher-) order approximation(s) in the asymptotic expansionswith respect to . With the
second-order approximation we recover again the general features concerning the zonal wind
and the temperature, which are valid for both the CCM2 model and the model introduced
in[10]. We find al so a significant nonzero meridional wind which does not exist in the model
in[10].

By considering asymptotic expansions of the primitive equations of the atmosphere with
respect to the Rossby number, we derived a series of simple equations for the nth-order
approximations of the primitive equations of the atmosphere. We showed that the nth-order
approximate equations can be rewritten in a form similar to the global quasi-geostrophic
equation derived in [10]. It was shown in [10] that the (first-order) global quasi-geostrophic
equations are linear, and that at the first order, wind travels toward east or west. Using the
second-order approximation, we recovered the meridional motion, even though it issmall in
magnitude as expected.

From the computational point of view, since the (first-order) global quasi-geostrophic
equationsarelinear, it isrelatively easy to simulate the flow, with special care needed only for
the difficulty caused by the singularities at the poles.

The second- and higher-order models are in the same form as the global quasi-geostrophic
model with different right-hand sides depending on the approximate solutions of the previous
orders. Therefore, it is aso relatively easy for us to implement these higher-order models,
using the subroutines devel oped for thefirst-order approximation. Although we did not verify
this, we anticipate that the higher-order approximations should provide better approximations
of the real atmospheric flow or, more precisely, the solutions of the primitive equations.

The simulations we obtain resemble in a number of respects the simulations obtained by
the NCAR CCM2, which is a well accepted standard in meteorology. Indeed, our models
simulate the troposphere, the stratosphere and tropopause. The location of the tropopause
is roughly the same as that derived from the CCM2 model [4]. This provides a numerical
justification of the Rossby asymptotics we employed in this article. Notice, however, that the
magnitudes of our simulated fields are different from the magnitudes of the corresponding
fields obtained with the CCM2 model. This main difference may be attributed to the choice
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of physical parameters (such as the heating term) used in our simulations, which are different
from the ones used for the CCM2 simulations.

At this point, we are not able to conclude that (v° + evt, 70 + T) will always give a
better approximation of the solution of the primitive Equation (1.1)~(1.2) than (2, 7°) is.
Moreover, it appearsin some casesthat (cvl, €7?) islarge compared to (v°, T7°), particularly
when the magnitude of the heating term () increases through the constant ¢ in (4.14). The
physical validity of the GQG model from [10] and of the present higher-order model will be
investigated elsewhere.

In conclusion, we have shown that, by taking into account suitable physical aspects of the
problem, we can obtain information on a flow without the need of large-scale computations.
Of course, this does not preclude the utilization of very large computations when more details
are needed or for the validation of simpler models.
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